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Abstract: We prove existence of small amplitude, 27r/a;-periodic in time solutions of completely 
resonant nonlinear wave equations with Dirichlct boundary conditions, for any frequency u belonging to 
a Cantor- like set of positive measure and for a new set of nonlinearities. The proof relies on a suitable 
Lyapunov- Schmidt decomposition and a variant of the Nash-Moser Implicit Function Theorem. In spite 
of the complete resonance of the equation we show that we can still reduce the problem to a finite 
dimensional bifurcation equation. Moreover, a new simple approach for the inversion of the linearized 
operators required by the Nash-Moser scheme is developed. It allows to deal also with nonlinearities 
which are not odd and with finite spatial regularity. 
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1 Introduction and main result 

We consider the completely resonant nonlinear wave equation 

f u tt - u xx + f(x, u) = m 
\u(i,0) = u(t,7r) = 1 ' 

where the nonlinearity /(a;, u) = a p (x)u p + 0(u p+1 ) with p > 2 is analytic with respect to u but has only 
finite regularity with respect to x. More precisely, we assume 

(H) There is p > such that V(x,u) € (0, 7r) x (—p,p), f(x,u) — J2kL P a k{x)u k , P > 2, where ak{x) € 
H 1 ((0,7r),R) and EZ P \Wk\\mr k < oo for any r e (0,p). 

We look for small amplitude, 27r/tj-periodic in time solutions of equation for all frequency u) close to 
1 and in some set of positive measure. 

Equation JJ) is an infinite dimensional Hamiltonian system possessing an elliptic equilibrium at u = 0. 
The frequencies of the linear oscillations at are Uj = j, Vj = 1,2,..., and satisfy infinitely many 
resonance relations. Any solution v — X)j>i a j c os(jt + 9j) sin(ja;) of the linearized equation at u = 0, 

J u u - u xx = . . 

\u(t,0) =u(t,7r) =0 [ > 

is 27r-periodic in time. For this reason equation JQ) is called a completely resonant Hamiltonian PDE. 

Existence of periodic solutions close to a completely resonant elliptic equilibrium for finite dimen- 
sional Hamiltonian systems has been proved by Weinstein Moser [21] and Fadell-Rabinowitz 13 . 
The proofs are based on the classical Lyapunov-Schmidt decomposition which splits the problem into 
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two equations: the range equation, solved through the standard Implicit Function Theorem, and the 
bifurcation equation, solved via variational arguments. 

For proving existence of small amplitude periodic solutions of completely resonant Hamiltonian PDEs 
like two main difficulties must be overcome: 

(i) a "small denominators^ problem which arises when solving the range equation; 

(ii) the presence of an infinite dimensional bifurcation equation: which solutions v of the linearized 
equation can be continued to solutions of the nonlinear equation |T|l? 

The appearance of the small denominators problem (i) is easily explained: the eigenvalues of the operator 
dtt — d xx in the spaces of functions u(t, x), 27r/w-periodic in time and such that, say, u(t, .) £ Hq (0, ir) for 
all t, are —lo 2 1 2 + j 2 , I G Z, j > 1. Therefore, for almost every u> £ R, the eigenvalues accumulate to 0. 
As a consequence, for most u>, the inverse operator of dtt — d xx is unbounded and the standard Implicit 
Function Theorem is not applicable. 

The first existence results for small amplitude periodic solutions of JD have been obtained in 2 ^5] 
for the nonlinearity f(x,u) — u 3 , and in 2 for f(x,u) = u 3 + 0(u 5 ), imposing on the frequency u> the 
"strongly non-resonance" condition \luI — j\ > 7/Z, V/ 7^ j. For 7 > small enough, the frequencies u 
satisfying such condition accumulate to lo = 1 but form a set W 7 of zero measure. For such w's the 
spectrum of dtt — d xx does not accumulate to and so the small divisor problem (i) is by-passed. Next, 
problem (ii) is solved by means of the Implicit Function Theorem, observing that the O^-order bifurcation 
equation (which is an approximation of the exact bifurcation equation) possesses, for f(x,u) = u 3 , non- 
degenerate periodic solutions, see 0. 

In 0-[3], for the same set W 7 of strongly non-resonant frequencies, existence and multiplicity of 
periodic solutions has been proved for any nonlinearity f{u). The novelty of 0-0 was to solve the 
bifurcation equation via a variational principle at fixed frequency which, jointly with min-max arguments, 
enables to find solutions of (0) as critical points of the Lagrangian action functional. 

Unlike 0-01-0) a new feature of the results of this paper is that the set of frequencies to for which we 
prove existence of 27r/w-periodic in time solutions of (0) has positive measure, actually has full density 
at 10 = 1. 

The existence of periodic solutions for a set of frequencies of positive measure has been proved in 
in the case of periodic boundary conditions in x and for the nonlinearity f(x, u) — u 3 + X^4<y<d CLj(x)vP 
where the dj(x) are trigonometric cosine polynomials in x. The nonlinear equation u tt — u xx + u 3 = 
possesses a continuum of small amplitude, analytic and non-degenerate periodic solutions in the form of 
travelling waves u(t,x) — Spo(u>t + x) where u> 2 = 1 + S 2 and po is a non-trivial 27r-periodic solution of 
the ordinary differential equation p$ = — p^. With these properties at hand the small divisors problem 
(i) is solved via a Nash-Moser Implicit function Theorem adapting the estimates of Craig- Wayne 

Recently, the existence of periodic solutions of £Q| for frequencies lo in a set of positive measure has 
been proved in ^] using the Lindstedt series method for odd analytic nonlinearities f(u) = au 3 + 0(u 5 ) 
with a / 0. The reason for which f(u) must be odd is that the solutions are obtained as analytic 
sine-series in x, see comments at the end of the section. 

We also quote the recent papers |17j-|18| on the standing wave problem for a perfect fluid under gravity 
and with infinite depth which leads to a nonlinear and completely resonant second order equation. 

In this paper we prove the existence of periodic solutions of the completely resonant wave equation Q 
with Dirichlet boundary conditions for a set of frequencies w's of positive measure and with full density at 
lj = 1 and for a new set of nonlinearities f(x,u) satisfying (H) (including for example f(x,u) — u 2 ); we 
do not require that f(x, u) can be extended on (— 7r, tt) x R to an analytic function g(x, u) satisfying the 
oddncss assumption g(—x,—u) = ~g(x,u), and we assume only finite regularity in the spatial variable 
x, see Theorem M.lX 

Let us describe accurately our result. Normalizing the period to 2-k, we look for solutions u(t, x), 

2 Actually 1191 deals with the case of periodic boundary conditions in x, i.e. u(t. x + 2n) = u(t, x). 



27r-periodic in time, of the equation 

uj 2 u tt - u xx + f(x, u) = 



u(t,0) = u{t,ir) =0 ^ 
in the real Hilbert space 

X aiS := iu(t,x) = ^exp(iZt) u t (x) \ u t G H%((p, tt), C), W(a;) = u-^) VI e Z, 
lez 

and |M|^ : = ^exp (2a\l\)(l 2s + l)\\ Ul \\ 2 Hl < +co}. 
lez 

For ex > 0, s > 0, the space -X" CT)S is the space of all 27r-periodic in time functions with values in 
Hq ((0, 7r), R), which have a bounded analytic extension in the complex strip |Im £| < a with trace 
function on |Im t\ = a belonging to H S {T, H&((0, tt), C)). 

Note that if it € X a ^ s is a solution of (0) in a weak sense then the map x i— > u xx (t, x) = tu 2 utt(t, x) — 
f(x, u(t, x)) belongs to iJ 1 (0, tt) for all £ £ T; hence u(£, .) G -ff 3 (0, 7r) C C 2 ([0, tt}) and it is easy to justify 
that it is a classical solution. 

For 2s > 1, is a Banach algebra with respect to multiplication of functions, namely 3 

Ui,u 2 eX atS => ui!i 2 6 and Htti^lU.s < CIKIUallualka- 

The space of the solutions of the linear equation vtt — v xx = that belong to X aiS is 4 

V := |u(£, x) = ex P sin(lx) u t £ C, ul = -U-i, ^ exp (2a\l\)(l 2s + l)/ 2 |u ; | 2 < +oo|. 

lez lez 

to 2 - 1 _ 
Let e := — - — . Instead of looking for solutions of (J2J) in a shrinking neighborhood of it is a convenient 

devise to perform the rescaling u — > 8u with S := | sr | 1 1 (in most cases, see however subsection I5.3|) . 
obtaining 

lu 2 uu - u xx + eg(S, x, u) = 

u(t,0) = u(£,tt) =0 { 1 

where 

g(5, x,u) := s* f ^ u) = s* (a p (x)u p + 6a p+1 (x)u p+1 + ... ) 

and s* := sign(e), namely s* = 1 if lj > 1 and s* = —1 if u) < 1. 
The main result of this paper is: 

Theorem 1.1 Consider the completely resonant nonlinear wave equation £7J) where the nonlinearity 
f(x,u) = a p (x)u p + 0(u p+l ), p>2, satisfies assumption (H). 

1) There exists an open set A p in ^((O, tt), R) such that, for all a p £ A p , there is a > and a C°° -curve 
[0, So) 3 S ^ u(S)(t,x) £ X^ s with the following properties: 

• (i) There exists s* £ { — 1, 1} and a Cantor set C cip C [0, <!>o) satisfying 

hm = ! (5) 

»j->0+ 77 

such that, for all 5 £ C ap , u(6) is a 2tt / u -periodic in time classical solution of 0) with uj = 
v / 2s*(5p- 1 + I; 



3 The proof is as in |2:il recalling that Hq ((0, n), C) is a Banach algebra with respect to multiplication of functions. 
4 V can also be written as 

v ■.= |t>(t,x) = n(t + x) -n(t-x) v g C£ 8+1 (t,r) with y > 7 ? = o| 

where C^' S ^ 1 (T,R) denotes the space of all 27r-periodic functions with have a bounded analytic extension in the complex 
strip |Im t\ < a with trace function on |Im t\ = a belonging to i/ s + 1 (T, C). 



• (ii) \\u(5) — <Suo||cr,s = 0{5 2 ) for some uq g y\{0} ; where u(S)(t,x) = u(S)(t/u>,x). 

All as(x) G H^fifTr) such that (03) := (1/ir) a^(x)dx 7^ is in A^. Hence (i) and (ii) hold true for 
any nonlinearity like f(x,u) — a%(x)u 3 + X)fe>4 a k(x)u k , (03) 7^ 0, with s* = sign((a3)). 

2) In the case f(x,u) = a2U 2 + X)fe>4 o J k(x)u k , 02 7^ 0, conclusions (i) and (ii) still hold true with 
lu = V-26 2 + 1. 

Remark 1.1 (i) Since equation 0) is autonomous, any non-trivial time periodic solution u(t,x) of 0) 
generates a circle of solutions, i.e. for any 6 eR, ug := u(t — 6, x) is a solution too. 

(ii) Multiplicity of periodic solutions u(t,x) of 0) with increasing norm could be found, as in Jol/. 

Sketch of the proof. We require first, for simplicity of exposition (see note|SJ), that 

3v e V such that / a p (x)v p+1 (t, x) dtdx 7^ 0, := T x (0, tt). (6) 

Jn 

To fix the ideas, we assume there is v G V such that f Q a p (x)v p+1 > and we look for periodic solutions 
with frequency u> > 1, so that s* = 1 and u> = \ / 25p~ 1 + 1 (if J Q a p (x)v p+1 < for some v G V, then we 
can look for solutions of frequency u> < 1, so that s* = — 1 and uj = \/—25 p ~ 1 + 1). 

Condition (jSJ) is verified for p odd, iff a(x) is not antisymmetric w.r.t. to x — tt/2, and for p even, iff 
a(x) is not symmetric w.r.t. to x — tt/2, see Lemma 16. II in the Appendix. 

In order to find solutions of we try to implement the usual Lyapunov-Schmidt reduction according 
to the decomposition X a , s = V ® W where 

W := < w = exp(i^) wi(x) £ X a s \ w_i — wl and / wi(x) sin(Zx) dx — 0, V/ e Z \. (7) 
1 zez Ja J 

Looking for solutions u = v + w with v £ V, w € W and we are led to solve the bifurcation equation 
(called the (Q)-equation) and the range equation (called the (P)-equation) 

-Av = U v g(S, x, v + w) (Q) , g , 

L^w — eUwg(S, x, v + w) (P) 

where 

Av := v xx + v tt , := -uj 2 d tt + d xx 

and LTy : X atS — * V, Hw ■ X atS — > W denote the projectors respectively on V and W. 

Since V is infinite dimensional a difficulty arises in the application of the method of in presence 
of small divisors: if v G V H X ao s then the solution w(S,v) of the range equation, obtained with any 
Nash-Moser iteration scheme will have a lower regularity, e.g. w(S,v) G X ao /2 :S - Therefore in solving 
next the bifurcation equation for v G V, the best estimate we can obtain is v G V n X (yQ /2 :S +2i which 
makes the scheme incoherent. Moreover we have to ensure that the t?1 -order bifurcation equation 5 , i.e. 
the (Q)-equation for 6 = 0. 

- Av = n v (a p (x)v p ^ (9) 

has solutions v G V which are analytic, a necessary property to initiate an analytic Nash-Moser scheme 
(in |llj-|12| this problem does not arise since, dealing with non-resonant or partially resonant Hamiltonian 
PDEs like u u — u xx + a\(x)u — f(x,u), the bifurcation equation is finite dimensional). 

We overcome this difficulty thanks to a reduction to a finite dimensional bifurcation equation (on a 
subspace of V of dimension N independent of ui). This reduction can be implemented, in spite of the 
complete resonance of equation |QJ, thanks to the compactness of the operator (— A) -1 . 

5 The right hand side Uy(a p (x)v p ) is not identically equal to in V iff condition JHJ holds. If not verified, as for 
f(x, u) = u 2 , the O t,l -order non-trivial bifurcation equation will involve higher order nonlinear terms, see |I] and subsection 



We introduce the decomposition V = Vt ® V2 where 




v £ V I v(t, x) = X);=i ( ex P (iit)uj + exp (— ilt)uA sin(Zx), ui £ C| 
u G V I x) = J2i>n+i ( ex P + ex P ( — ii*)W) sin(te), it; e C 



} 



Setting v := ui + t>2, with t>i € Vy, V2 £ V2, © is equivalent to 



— Avi = Uv 1 g(S, x, vi + V2 + w) 
—Av2 — Uv 2 g(S, x, vi + V2 + w) 
L w w = eU w g(S, x, v\ + v 2 + w) 



(Qi) 
(Q2) 
(P) 



(10) 



where IIvj : X a , s — > Vi (i — 1,2), denote the orthogonal projectors on Vi (i = 1, 2). We specify that all the 
norms || || CT)S are equivalent on V\. In the sequel B(p, V\) will denote B(p, V\) := {vi € Vi | ||wi||o,s < p}- 

Our strategy to find solutions of system l|l(J - and hence to prove Theorem ll.lt is the following. We 
solve first the ((^-equation obtaining 1)2 = V2(S,Vi,w) € V2 n X CTiS by a standard Implicit Function 
Theorem provided we have chosen N large enough and < a < a small enough - depending on the 
nonlincarity / but independent of S, see section [21 

Next we solve the (P)-equation, obtaining w = w(S,vi) £ W C\ X a /2. s by means of a Nash-Moser 
Implicit Function Theorem for (6, v±) belonging to some Cantor- like set of parameters, see section 13 

A major role is played by the inversion of the linearized operators obtained at any stage of the Nash- 
Moser iteration. As usual, the main difficulty in controlling such inverse operators is due to the fact the 
diagonal elements may be arbitrarily small. 

Our approach -presented in section is different from the one in 52"I3"|H1 which is based on the 
Frolich-Spencer technique |14| . It allows to deal with nonlinearities f(x,u) with finite regularity in the 
spatial variable x and which are not the restriction to (0, 7r) x R of a smooth odd function. 

We first develop u(t, •) £ Hq((0, it), R) in time- Fourier expansion only and we distinguish the "diagonal 
part" D = diag{Dfc}fc e z of the operator that we want to invert. Next, using Sturm-Liouville theory 
(see Lemma f4.1|l . we diagonalize each D\~ in a suitable basis of ((0, 7r), R) (close, but different from 
(sin jx)j>i). Assuming a "first order Melnikov non resonance condition" fDcfinition l3.3(l we prove that its 
eigenvalues are polynomially bounded away from and so we invert D with sufficiently good estimates 
(Corollary I4.2fl . The presence of the "off-diagonal" Toepliz operators requires to analyze the "small 
divisors" : for our method it is sufficient to prove that the product of two "small divisors" is larger than 
a constant if the corresponding "singular sites" are close enough, see Lemma f4. 61 

If the nonlinearity f(x,u) can be extended to an analytic (in both variables) odd function then the 
Dirichlet problem on [0, ir] is actually equivalent to the 27r-periodic problem within the space of all odd 
functions and a natural configuration space to use is Y := {u(x) = J2j>i u j sin(Jx) \ J2j ex P {^ a j)j 2p \ u j | 2 < 
+00}. On the other hand, for (still analytic) non odd nonlinearities /, it is not possible in general to 
find a smooth periodic solution u(t, .) that belongs to Y for all t. For example, if f(x, u) — u 2 then it is 
easy to see (deriving twice the equation w.r.t. x and using that u xx (t, 0) = 0) that any smooth solution 
u must satisfy — u xxxx (t, 0)+2u 2 ,(t, 0) = 0. Moreover, if u is not trivial then u x (.,0) is not identically 0. 
Hence u xxxx (., 0) does not vanish everywhere, which implies that u(t, .) is not in Y for all t. For these 
reasons we shall consider as configuration space Hq ((0, 7r), R) (and the solutions that we shall find satisfy 



Finally (section we solve the finite dimensional (Qi)-equation for a new set of nonlinearities : for 
these nonlinearities, we can define a smooth curve (S t—> vi(5) £ V\) such that, if 8 belongs to some 
"large" set, (S,vi(5)) gives rise to an exact solution of equation Q. 

Acknowledgements: Part of this paper was written when the second author was visiting S.I.S.S.A. in 
Trieste. 

Notations: B(R;X) denotes the open ball of radius R in the space X centered at 0. f(z) — 0(g(z)) 
means that there is a universal constant C such that \f{z)\ < C\g(z)\. ~z is the complex conjugated of z. 



u(t, .) S f#(0,7r) nff 3 (0,7r)). 



2 Solution of the ((^-equation 

The O'^-order bifurcation equation © is the Euler-Lagrange equation of the functional <I>o : V — > R, 
defined by 

1 1 1 1 2 f p+1 

*o(") = ~ / a p (x)^— dxdt, (1 = T x (O.tt), (11) 

where ||f|||ri = J n vf + w x dx dt. By the Mountain-pass Theorem pQ and condition © (recall that we 
assume J Q a p (x)v p+1 > for some v G V), the critical set 



A", 



b,c :={« G V | 0, *o(«) < c} (12) 



is non-trivial (i.e ^ {0}) for c > large enough and is compact for the H 1 -topology, see 0]. 

In fact, by a direct bootstrap argument, Kq jC is a compact subset of V H H k (fl), for any fc > 0. 
Therefore ifo,c C V n C°°(fi) (even if a p (x) S 7J 1 ((0, 7r), R) only, because the projection Uy has a 
regularizing effect in the variable x) and we have (a priori estimate) 

sup ||u||o,s < R< +oo. 

By the analyticity assumption (H) on the nonlinearity / and the Banach algebra property of X a , s , the 
Nemitsky operator X a ^ s 3 u — ► g(S,x,u) £ X a:S is in C°°(U$, X ayS ), where Uj={ii6 JT CT>S | \8\ \\u\\ aiS < 
5} and 8 depends on the radius of convergence p of the power series that defines f{x,u). 

Lemma 2.1 (Solution of the (Q2)-equation) There exists a > 0, N S N + ,<5o > such that, V0 < 
o~ < cf, V||ui||o, s < 2i?, V||w||o- lS < 1, V<5 £ [0,Sq), there exists a unique v 2 = u 2 (£ ) «i,«;) £ X a , s with 
\\v2{S ) Vi,w)\\ <TS < 1 which solves the (Q ' 2 ) -equation. 
Moreover, for any v £ Kq c , 1)2(0, n^u, 0) = ^W 2 V - 

Furthermore v 2 (S, Vl ,w) £ X a . s+2 , V 2 (-,-,\) € C°° f [0, <5 ) x B(2R; Vi) x W n X ff , s ), V 2 n X CT)S+2 



and Dv 2 , D 2 v 2 are bounded on [0,S ) X B(2R;V 1 ) x B(l\ W n X CT)S ). 

Finally, if in addition \\w\\ a a i < +00 /or some s' > s, i/ien (provided 6q has been chosen small enough) 
||u 2 (5, ui, w)||cr, S ' + 2 < i<T(s', ||t0||<r,s'). 

Proof. Fixed points of the nonlinear operator Af(6, vi,w, •) : V2 — ► V2 defined by 

A/"(<5, ui, u 2 ) := (—A)~U V2 g(S, x, vi + w + v 2 ) 

are solutions of equation (Q 2 ). For w £ W H X a>s , v 2 £ V 2 P\ X a _ s we conclude that Af(S,vi,w,v 2 ) £ 
V 2 n X a ^ s+2 since g(8,x,v\ + w + v 2 ) £ X ajS and because of the regularizing property of the operator 
( A) 'lh:. : A\ T ... • I 2 .Y,_ 2 . 

Let 5 := {u 2 € V 2 H X CT)S | ||f 2 ||a,s < 1}- We claim that there exists N £ N, a > and 5 > 0, 
such that for any < a < a, ||vi||o,s < 2i?, H^H^s < 1, S € [0, #o) the operator v 2 — ► J\f(S, Vi, w, u 2 ) is a 
contraction in i?, more precisely 

• (*) lhlU, s <l=^||W«i,ifl,«a)||«r,« < 1; 

• (ii) \/v 2 ,v 2 £B^ \\Af(5,v 1 ,w,V2) - JV((y,«i,u;,U2)||<7,» < (1/2)|K - « 2 |U S . 

Let us prove (*). V«eI JiS , IK-A)" 1 ^^!^ < (C/(N+ l) 2 )||u|| CT , s and soV||w|| CT . s < 1, ||«i||o, a < 2R, 

Se [0,60), 



\\Af{6,v 1 ,w ) v 2 )\\a lS < ^ N + ^ 2 \\g(S,x,v 1 +v 2 +w)\\^ < (ll«iHg,. + IMlg,. + Ikllg,.) 

- (FTTF( cxp(apiV)l|wi|l ^ + l|t ' 2|l ^ + 1 ) - (tvTif( (4jR)p + i|w2|I "-' + 1 ) 



for exp (aN) < 2, where we have used that ||t>i|| CT .s < exp (<riV)||ui||o . s < 4i?. For N large enough 
(depending on R) and a — In2/N, (i) follows. Property (ii) can be proved similarly and the existence of 
a unique solution 1)2(5, V\, w) € V2 H X a tS follows. 

Since -Ko,c is compact in V n H s (£l), we may assume that iV has been chosen so large that for all 
v € ^o,c ||ny 2 w||o, s < 1/2. Any v G i4To jC solves ©, hence Hv 2 v solves the ((^-equation associated with 
(0,Uv 1 v,0). Hence ITy 2 v G B and IIy 2 w = Af(0, HviV, 0, IIy 2 w), which implies that Uy 2 v — V2(0,Uv 1 v,0). 

Because the map (6, Vi,w,v 2 ) 1— ► A/"(<5, i>i, w, i>a) is C°°, by the Implicit function Theorem V2 ■ 
{(*,«!, to) I 5 G [0,«o),||«i||o,« < 2iJ,|H| ffj , < 1} ^ ^nl,,, is a C°° map. Finally, since (-A)- 1 ^ 
is a continuous linear operator from X^^ to V2 H -X r CT .s+2 and 

u 2 (<5, Wi, w) = (-A) _1 riy 2 (#((5, x, ui + w + i> 2 (<5, vi, 10) J , 

by the regularity of the Nemitsky operator induced by g, v 2 (-, •, •) € C°°([0, <5 ) X B(2R; V\) x 5(1; VF n 
X a .s), V2 n The estimates for the derivatives can be obtained similarly. 

Finally, assume that ||iu|| ff , s ' < +00 for some s' > s. We have 

v 2 (S,v 1 ,w) = (-Ay 1 Il V2 g(S,x,v 1 + w + v 2 (S,v 1 ,w)). 

Using the regularizing properties of the operator (—A)~ 1 Hv 2 and the fact that ||ui||o- )r < +00 for all 
r > s, we can derive by a simple bootstrap argument a bound on ||v2(5, i>i,u>)||,t,s'- It is useful here to 
observe that 6 ||a;(cc)('u z )|| (Tir < C'||a2||fl-i||u||f r _ s 1 ||'u|| trir for r > s, I > p, so that if u € X a _ r and 5||u|| CTjS is 
small enough, then g(S, x, u) G X a ^ r . ■ 



Remark 2.1 Lemma \2.1\ imvlies. in particular, that any solution v G -Ko,c of the th -order bifurcation 
equation is not only in V D C°°(f2) but actually belongs to V (1 X^ s +2 and therefore is analytic in t 
and hence in x. 

We conclude this section with a Lemma which is a standard consequence of the Lyapunov-Schmidt 
decomposition dealing with variational equations. 

Let us define the "reduced" functional * : B(2R,V 1 ) = {v x £ Vi | |K||o, s < 2i?} -> R by 



(13) 



Lemma 2.2 Ifv\ is a critical point of ^q, then v :— v\ + ^2(0, V\, 0) is a critical point of $0 : V — > R, 
i.e. v S V is a solution of the th -order bifurcation equation 0). Conversely, ifvis a critical point of 
$0 of critical value < c then there is a critical point v\ G B(2R, Vi) of $0 such that v — v\ + ^2(0, «i, 0). 

PROOF. Since w 2 (0,wi,0) solves the (Q 2 ) -equation (for 5 = 0, w = 0), d$ (wi + 1*2(0, t>i,0))[fc] = 0, 
Vfc e V 2 . Moreover, since Vi> x G Vi v 2 (0, vi, 0) € V2, ^^(O, ui, 0)[/i] £ V 2 , V/i G VI . Therefore 



d#o(»i)[fc] = d*o(«i + «a(0,«i,0)) fc + a Ol « a (0,ui,0)[fe] =d#o(«i + «a(0,«i ) 0))[/i] 



A Wl -n^(a p (a;)(wi +f 2 (0,fi,0))) P 



ft, <it. 



(14) 



Therefore if Ui is a critical point of "Po, then w := v\ + ^2(0, «i,0) is a solution of equation ©. 

Conversely, assume that u is a critical point of $0, with $o(v) < c and let Vi = Hy 1 v. By Lemma l2~Tl 
Hv 2 v — W2(0,wi,0) and it is clear that vi is a critical point of ^o- ■ 



6 This inequality can be obtained considering the extension of the maps to the complex strip of width a, using that 
Hq(0,tt) is a Banach algebra, and the inequality | \u l \ \n r .pcT < K l | \u\ \ l <^ 1 \ \u | \H r .pa for 2-7r-periodic functions. The last 
inequality follows from ||TO||fl-r- iPer < C r ([| 

^1 1 00 1 1^| I h r ,pcr ~l~ 1 1 ^ 1 1 oc 1 1 ^| I r,pcr ) which is r6lcitGci to the G&gliSyrdo-NirenbGrg 

inequalities. 



3 Solution of the (P)-equation 

By the previous section we are reduced to solve the (P)-equation with vi — v-i (S, vi,w), namely 

L^w — eUw^{S,vi,w) (15) 

where 

r(<5, vi, iv)(t, x) := g^(5, x, vi(t, x) + w(t, x) + V2(S, v\, w)(t, x)^j . 

The solution w = w(6,vi) of the (P)-equation 115fl is obtained by means of a Nash-Moser Implicit 
Function Theorem for (S,v\) belonging to a Cantor-like set of parameters. 

We consider the orthogonal splitting W — W^ 1 - where 

W {n) = \w e W w= ex P ( ilt ) and w(n)± = {weW w = ex P ( ilt ) w i( x )}' 

l=-L„ \l\>L n 

(16) 

and L n are integer numbers (we will choose L n = Lo2 n with Lq E N large enough). We denote by 

P n : W -» W (n) and P± : W -» W {n)x 

the orthogonal projectors onto and W^™)- 1 -. 

The convergence of the recursive scheme is based on properties (P1)-(P2)-(P3) below. 



• (PI) (Regularity) r( v ,-,) € C°°(JO,$o) X B{2R;V X ) X 5(1; W r\ X^ s ),X a , s y Moreover, T, DT 
and D 2 r are bounded on [0, S ) x B(2R, V x ) x 5(1; W n X ffiS ). 

(PI) is a consequence of the C°° -regularity of the Nemistky operator induced by g(S,x,u) on X a >s 
and of the properties of the map vi stated in Lemma 12.11 

• (P2) (Smoothing estimate) Vic € W^nX^s andVO < a' < a, ||u>|U',» < exp^™^-" 7 ')) |M| CT , S . 

The next property (P3) is an invertibility property of the linearized operator C n (6, v±,w) : W^ n ' — > W' n ) 
defined by 

£„(£,«!, to) [A] := L^/i- EP„II W -D w r((5,«i,ii;)[/i] (17) 

where u? is the approximate solution obtained at a given step of the Nash-Moser iteration. 

The invertibility of C n (8,v\,w) is obtained excising the set of parameters (8,v\) for which is an 
eigenvalue of C n (S, vi,w). Moreover, in order to have bounds for the norm of the inverse operator 
jC~ 1 (5, vi, w) which are sufficiently good for the recursive scheme, we also excise the parameters (5, vi) 
for which the eigenvalues of C n {8, v\, w) are too small. We prefix some definitions. 

Definition 3.1 (Mean value) For Q := T x (0, 7r) we define 



g I S, x, vi(t, x) + w(t, x) + V2(S, vi, w)(t, x) ) dxdt 



Definition 3.2 We define for 1 < r < 2 



Ho-,. := mf { £ " it-v ; 9 > 1, ^ > ^ > ^, he , w = £ fc} 
where (3 := and we sei [t«] CT , s := oo if the above set is empty. 



Definition 3.3 (First order Melnikov non-resonance condition) Let < 7 < 1 and 1 < r < 2. 

We define (recall that oj = \Z28p- 1 + 1 and e = S^ 1 ) 



■= {Se[0,6 ) I \uk-j\ > 



7 



. M(S,v u w) 
u>k — ] — s- 



> 7 



(k + jY ' 2j - (k + jY 

Vfc e N, j > 1, k ± j, — - < k, k < L n) j < 2L n \. 

3 e J 



3|£ 

We claim that: 

• (P3) (Invertibility of £ n ) There exist positive constants /i, Sq and C such that, if [w] aiS < /i, 
||^i||o,s < 2i? and S € A7j' r (vi, w) H [0, <5 ) for some < 7 < 1, 1<t<2, then £ n (5 7 Vi,w) is 
invertible and the inverse operator C~ 1 (S,vi,w) : W^ n ' — > W^™) satisfies 

r- 1 < — (i„)— (18) 

(T,S 7 

Property (-P3) is the real core of the convergence proof and where the analysis of the small divisors 
enters into play. Property (P3) is proved in section 

3.1 The Nash-Moser scheme 

We are going to define recursively a sequence {u>n}n>o with w n = w n (S,Vx) S W^ n \ w$ = 0, defined 
on smaller and smaller sets of "non-resonant" parameters (8,vi), A n C A n _i C . . . C A± C Aq :— 
{(6,vi) I S £ [0,6q), ||ui||o, s < 2R}. The sequence (w n (5,vi)) will converge to a solution w(S,vi) of the 
(P)-equation 115|) for (S,vi) G Aoa := n rl >iA„. The main goal of the construction is to show that, at 
the end of the recurrence, the set of parameters A^ := fl„>i A n for which we have the solution w(S, Vi), 
remains sufficiently large. 

We define inductively the sequence {w n } n >o. Define the "loss of analyticity" 7„ by 

7o _ 

In ■ = 5— — 7 , CTo^cr, <7n+l = - 7n, V n > 0, 

where we choose 70 > small such that the "total loss of analyticity" J2 n >o 7" = 7o J2 n >o Vl" 2 + 1) — 
a/2, i.e. lim„^ +oc a n > cf/2 > 0. We also assume 

L n := L 2 n , Vn>0, 

for some large integer Lq specified in the next proposition. 

Proposition 3.1 (Induction) Let wq — and Aq :— {(S,vi) \ 5 E [0,Sq), ||i>i||o,s < 2R}. There 
exists Eq := £0(7, t), Lq := Lo(7, T ) > such that V|£|7 _1 < £0, there exists a sequence {w n } n >o- 
w n = w n (S,Vi) £ W^ n \ of solutions of the equation 

(P n ) L u w n - eP n Il w T(S, Vi,w n ) = 0, 

defined for (d,vi) £ A n C A„_i C . . . C A% C Aq, with w n (8,vi) = 5^i=o ^«(^> v i)> ^0 : = w o = 0, 
hi — hi(S,v\) £ W^ % > satisfying ||/ii||o- 4j g < Ie^^ 1 exp (— \ l ) for some 1 < x < 2, Vi = 0, . . . , n. 

PROOF. Fix some % € (1, 2). We assume £o7 _1 > small enough such that 

' i>0 ' 

The proof proceeds by induction. We recall that := (2 — r)/2 and that /i is defined in property (-P3). 



Suppose we have already denned a solution w n = w n (S,Vx) G of equation (P„) satisfying the 

properties stated in the proposition. We want to define 

w n+ i = w n+ i(S,vi) :=w n (5,vi) + hn+i(6,vi), h n+ i(5,Vi) G Vy (n+1) 

as an exact solution of the equation 

(Pn+i) L w w n+X - eP n+ \TLwT{5,v\, w n +i) = 0. 

In order to find a solution u>„+i = w n + h n+ \ of equation (P„ + i) we write, for h G W^ n+1 \ 



Luj{w n + h) - eP n+ iIL w T(5,v-i, w n + h) = L u w n - eP n+ iU w T(d,v 1 ,w n ) 

+ L u h-EP n+1 IL w D w T(S,vi,w n )[h] + R(h) 

= r n + C n +i(S,vi,w n )[h] + R(h), 

where, since w n solves equation (P n ), 

f r n := L w w n - eP n+l U. w T{8,Vx,w n ) = -sP^P n+ iTl w T{5,v u w n ) G W<- n +^ 
I R(h) := -EP n+ iIlw(T(S,vi,w n + h) -F(S,Vi,w n ) - D w r(S,Vi,w„)[h]\ 

satisfy, by properties (PI) and (P2), 

||rn||<7„ + i,s < |e| Cexp(-L„7„) P n+1 U w T(6,vi,w„) < \s\ C exp (-L n 7n) 

and, by property (PI), Vh,hf E W^ n+1 ^ with ||/i||o- n+1 ,s 5 ||^'||<r n+lj a small enough 
(\\R(h)\U n+ltS <C\e\ \\h\\l n+us 

\ \\R(h) - R(h')\U n+ua < C\e\ (|Wk +1)S + \\h% n+1 , s ) \\h-h% n+llS . 



(20) 
(21) 



(22) 



(23) 



Since \ \hi\\ ai , s < \e\j- 1 exp (- X l ), Vz = 0, . . . , n, by ©, 

^-y^ INkij ^ l £ l y^ ex p(-x') . |e| \ - , i^l+i!^ 2 ^/ / ,n 



i=0 (e>i — f7 n+ l) 9 



i=0 li 
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i>0 



7o 



Hence by property (-P3), the linear operator C n +i{$, V\, w n ) : W^ n+1 ^ — > is invertible for (5, i>i) 

restricted to the set of parameters 



A n+ i := {(6,vi) E A n | S G («!,«;„)} C A n . 



Moreover 



c 

<Tn+l,S 7 

By <|20|) equation (P n ) is equivalent to the fixed point problem 



) T -\ V(6, Vl ) e A n+1 . 



(25) 
(26) 

(27) 



w n +i = w n + h, Q(S, Vi, w n ,h) = h, 
for the nonlinear operator Q{5, vi,w n ,-) : — » W^ n+1 \ defined by 

G(8,vt,w n ,h) := -C n +i(S, vi, w„) _1 (r„ +R(h)j. 

To complete the proof of the proposition we need the following Lemma. 

Lemma 3.1 (Contraction) Q{5, V\, w n , •) maps the ball B{ Pn+l -M n+1) ) -={we W( n +V \ \\w\\ an+1 , s < 
Pn+i} of radius p n +\ '■— kl7 1 exp(— x™ +1 ) into itself and is a contraction in this ball. 



Proof. By pj jl . and (25 )l . 

ui,it; n ,/i)|| CT „ +1)S = 

< ^(iWir-^N exp(-L„ 7 „) + |e| ||/i||^ +ljS ) . (28) 

By G3, if INk +1 ,« < Pn+i then ||£(<S, »i, w n , h)\ k +1>s < C'(L„+i) T - V X H(exp (-£„7«)+ p 2 n+1 ) < 
p n +i, provided that 

— (Ln+xY-'lel exp(-L n7 „) < and — (i n+1 ) T - 1 | £ |p n+1 < 1 (29) 

7 z 7 z 

It is easy to check that for L n+ i := Lo2 n+1 and p n +i '■— H7 _1 exp (— x n+1 ) both inequalities in 129|) are 
satisfied Vn > 0, choosing Lo large enough and |e|7 _1 < £q small enough. With similar estimates, using 
G3, we can prove that VM' £ P(p„+i; W^" +1 >), «i, ^h') - S(<J,«i,w„,/i)|k +1 , s < (l/2)||fc- 

h'\\ an+lta again for Lq large enough and |e|7 _1 < £o small enough, uniformly in n, and we conclude that 
Q(S, vi,w n ,-) is a contraction on B(p n+ i; W^- n+1 ^). ■ 

By the standard Contraction Mapping Theorem we deduce the existence, for Lq large enough and e 
small enough, of a unique h n +i £ W^ n+1 ^ solving 127(1 and satisfying 

|K+l|L +1 , s < Pn+1 = - exp(- X " +1 ). 

7 

Summarizing, w n+ i(<5, ui) = w n {5, v\) + h n+ i{5, vi) is a solution in W( n+1 ) of equation (P n+ i), defined for 
(5, ui) € A n+1 C A„ C . . . C Aj, C A Q , and «j n+ i(5,ui) = hi(6,vi), hi = hi(6,Vi) £ VF W satisfying 

||ftj||o-i,s < kl7 _1 exp (-x l ) for some x £ (1, 2), Vz = 0, . . . , n + 1. ■ 

Remark 3.1 >1 difference with respect to the usual "quadratic" Nash-Moser scheme, is that h n {8,v\) is 
found as an exact solution of equation (P n ). It appears to be more convenient to prove the regularity of 
h n (S,v\) with respect to the parameters (S,vi), see Lemma \3.2l 

Corollary 3.1 (Solution of the (P)-equation) For (5, v±) £ := n„>o^ln, zCi>o ^(^j u i) converges 
normally inX-^/ 2s t° a solution w (6, Vi) £ W D X„/ 2s of equation \TBjj with \\w{5 ) vi)\\^/ 2 .s z? C| £ l7 • 

Proof. By propositionEU for (S, v\ ) £ Aoo := D n > Q A n , J2iLo IIM^ "Ollsya.s < °o- Hence Y,%>o hi(5, vi) 
converges normally in X-^/ 2 ,s to some w(5, v±) £ W C\ Xp/ 2s , an d we have 

IK*,«i)ll«r/a,. < E HW^Ihr/a,. < E < E l 6 !^ 1 ex P = 0(|e|7 -1 )- (30) 

i>0 i>0 i>0 

Let us justify that L^w — eTlwF(5, Vi, w). Since w n solves equation (P n ) , 

LujWn = sP n Il w T(S,Vi,w n ) = eU w T(S,vi,w n ) - eP^U w T(S, v\, w n ). (31) 

We have 

< Cexp(-L n {a n - (a/2))) < Cexp(- 7o L 2"/(n 2 + 1)). 

Hence, by (PI), the right hand side in 1(31(1 converges in X-^/ 2 s to T(6,vi,w). Moreover {L^w n ) — > L u w 
in the sense of distributions. Hence L u w = eIlw^(S, v\,w). ■ 

Before proving the key property (P3) on the linearized operator we prove a "Whitney-differentiability" 
property for w(5, vi) extending w(-, •) in a smooth way on the whole Aq. 
For this, some bound on the derivatives of h„ = w n — w n —i is required. 



C n+ i(S,vi,w n ) 1 (r n + R(h)j 



7„_li .S 



P n RwF(o~,v 1 ,w n ) 



Lemma 3.2 (Estimates for the derivatives of h n and w n ) For \e\j 1 small enough and Lq large 
enough, Vn > 0, the function (S,v±) — ► h n {5,v\) is in C°°(A„,Ty (n) ) and the k th -derivative D k h n (S,Vi) 
satisfies 



D k h n (S, Vl ) <LA Kl (k,x)eM-T), 
f n ,s 7 



(32) 



for any \ £ (0, x) and a suitable positive constant K\(k,x)- 

As a consequence, the function (d,vi) — > w n (8, Vi) — ^™ = ih n (5,vi) is in C°°(A n , W^) and the 
k th -derivative D k w n (8,vi) satisfies 



D k w n (S, Vl ) <lA K2 {k), 



(33) 



/or a suitable positive constant K2(k). 



Proof. First, ||<9a^oIUo.s = ||<9aWo||<x ,s = (we denote A := (5,Vi)). Next, assume, by induction, that 
h n = h n (S,vi) is a C°° map defined in A n . We shall prove that h n+1 = h n+ i(5,vi) is C°° too. First 
recall that h n +\ — h n +\{5, V\) is defined, in Proposition ^. II for (5, Vi) S a s a solution in M /r< - n+1 - ) of 

equation (P„ +1 ), namely 



(f n +i) 
where 



U n+ i(s,v 1 ,h n+1 (S,v 1 )j = 0, 



E/„ + i(<5, := P w (w„ +h)- eP n+1 n w T(5,v 1 ,w n + h). 

The map U n+1 : [0,5 ) x Vi x H^ 1 ) -> Vy( n+1 ) is C°°, and we claim that D h U n+1 (S,v 1 ,h n+1 ) 
C n +i{5,vi,w n+ i) is invertible and that 



C n+ i(S,vi,w n+ i) 1 



< —{L n+1 y-\ 

<y n+ i,s 7 



(34) 



As a consequence, by the Implicit Function Theorem, the map (6, v\) t— > /i„ + i(<$, i>i) is in C°°(A„ + i, V^^™ +1 '). 
Let us prove (|3"j| . By Proposition l3.ll ||/i n +i|| CTn+1)S < Cje^" 1 exp(~x™ +1 ). Hence, by (PI), 



C n +l(S, Vi,W n +l) - C n +l(S, Vi,W n ) 



<T„ + 1,S 



< C\e\ ||/i„+i|k +1 , s < C-exp(- x " +i ). 



Recalling £ n+1 (5,v 1 ,w n ) is invertible and \\£ n+1 (6,v 1 ,w n ) l || CTn+1 , a < (C/j)(L n+1 ) T x . Hence, 

provided that ej^ 1 is small enough (note that (P n+ i) T ~ 1 = (L 2 n+1 ) T ~ 1 « cxp(x" +1 ) for n large), 
C n+ i(S,v 1 ,w n+ i) is invertible and (|34l) holds. 

We now prove in detail estimate (|32|l for k = 1. Deriving equation (P n+ i) with respect to some 
coordinate A of (S, vi) € A n+ \, we obtain 

(P,'+i) jC„+i((5, vi, w n+ i) d\h n+1 (5,vi) = -(d\U n+ i)(5,vi,h n+ i(5,vifj. 

Hence, by l|34|L d\h n+ i satisfies the estimate 

d\h n+ \ 



C 



<—{L n+1 ) T 1 {d\U n +\){5,Vi,hn+i) 

cr„+i,s 7 



<t„+i,« 



(35) 



There holds 

(d\U n+ i)(5,vi,h) = L w d\w n - eP n+ iIl w (d\T)(5,v 1 ,w n + h) + d w T(S,vi,w n +h)[d\w n ] (36) 



that we can write as 

(d\U n +i)(6,vi,h) = (d\U n +i)(6,vi,0) + r(6,vi,h), 



(37) 



where r{5,v 1 ,h) := (d\U n+1 )(S,vuh) - (d\U n+ i)(6,Vi,Q) satisfies, by (PI), 

r(S,vi,h) <C\e\ \\h\\ an+1 . s (l + \\d x w n \\ an+1 .X 

Now, since w n — w n (5,vi) <G W^ 71 ' solves equation (P n ), 

P n U n+ i(8,Vi,0) = L^Wn - eP n Il w T(S,vi,w n )) = 0, V(S,Vi) G A n . 

Hence differentiating w.r.t. A we get P n (d\U n +i)(S, «i,0) = 0, and so 

(d x U n+1 )(S,v u 0) = P^(d x U n+1 )(5,v u 0) 

= P^L u dxw n - eP^P n+1 U w T (6, Vl ) 

= -£P^p n+ in w r(5,«i), 

where, by ©, f(S,Vi) := {d x T)(5, vi, w n ) + d w T(S, v 1: w n )[d x w n ). By (P2), (PI) 



(38) 



(39) 



(0aE/„ + i)(<5,i>i,O) 



<T„ + 1,S 



< |e| exp(-L„7„) n^r^^i) 



(40) 



< C\e\ exp(-L n7n )(l + ||t?A«>n||<T n ,a)< 
Combining (gSJ, J57JI, J38J|, ESJ> and the bound ||/i n +i||<7 n+ i,s < kl7 _1 exp (~x" +1 ), we get 
\\dxK+i\\. n+u s < ^(L„+i) T - 1 |e|(^exp(- X "+ 1 )+exp(-L n7 „))(l + ||^„lk, s ) 

< C(x)^ exp(-x" +1 )(l + ||aA W „|k, s ) <C(x)- exp(-x" +1 )(l + Ell^^H^O 



i=0 



for any x G (l,x), £7 1 small and L$ large. Hence, setting a n :— Wd^hnW^^ we get 

a = and a n+1 < C(x)— exp(-x" +1 ) (l + a Q + . . . + a„) 

which implies ||c?x/Jn||<7- n ,s = a ™ — ^(x)l e l7 1 ex P(~x")j ^ n ^ 0> f° r a suitable positive constant K (x). 
We can prove in the same way the general estimate l|32|) from which (|33(l follows. ■ 

Since, by (fTTSf) . h n (S, Ui) = 0(e 7 _1 exp (— x™)) with all its derivatives, and the "non-resonant" set 
j4„ is obtained at each step deleting strips of size 0( 7 /L^), we can define (by interpolation, say) a 
C°°-extension w(5, vi) of w(S, Vi) for all (S, vi) G Ao- More precisely we can prove: 

Lemma 3.3 (Smooth Extension w of w on Ao) Given v > 0, £/iere exists a function w G C°°(Ao, Wfl 
Xa/2, s ) such that, if(S,v\) G := n n >o^4n and dist((o", ui), cM„) > IvjlJ^, Vn > 0, then w(S,vi) solves 
the (P)-equation 

More precisely w(5, v±) satisfies, \/k G N, 



P> fc w(<5, Wl ) 



< 



ct/2,s 7 ^" 



V(o>i) G A , 



(41) 



/or suitable constants C(k) > 0. Moreover w(8, v±) := lim„^ +00 w n (S, v±) where w n is in C°° (A , WW), 
and the sequence (w n ) converges uniformly in Aq to w for the norm || \\^/2, s > more precisely 



V(o>i)eA , w(6,vi)-w n (5,vi) < C— exp(-x"). 

a/2,s 7 



(42) 



Proof. First we endow R x Vi with the Borelian positive measure defined by n{E) = m(L^ 1 (E)), 
where L is some automorphism from R w+1 to R x V\ and m is the Lebesgue measure in R 7V+1 . Let 
<p : R X V\ — > R+ be a C°°-map supported in the open ball of radius 1 centered at with J <p dfi = 1. 
Let 

A n := [A = (5,vi) G A„ | dist(A,<9A n ) > -^-} C A n , 

n 

where v is some small constant to be specified later. We define ip n , tp n : R x V± — ► R+ as 

^n(A) := (^) 7V+ V(^A), ^n(A) := J„ <p n {X - r,) dfi( V ) = (tp n * ^J(A), 

where <Jj is the characteristic function of the set A n namely, 5j (A) := 1 if A G A n and <5^ (A) := if 
A ^ A n . Clearly <p n is a C°° map supported in the open ball of radius v/L n centered at and J ip n d/j, = 1. 
It follows that < -0n(A) < 1, supp^> n CintA„ and ip n {\) = 1 if A G A„ satisfies dist(A, dA n ) > 2v/L n . 
Moreover ip n is C°° and it is easy to check that \D k ip n (X)\ < C{k)(L n /v) k , Vfc G N, VA G R x Vi for a 
suitable positive constant C(k). 

Now we can define w n : A® — > by 

w (A) := w (X) = 0, w n+ i(A) := w n (X) + h n+1 (X) 

where h n+ i(X) := -0n+i(A)/i n+ i(A) if A G A n+ i and h n+ i(X) = if A ^ A„+i. (note that /i„ + i is C°° 
because supp?/>n+i C intA n+ i). We define w n G C°°(A , W^) by w„(X) := Yh=i hi(X). 
By the bound \D k ip n (X)\ < C(k){L n /v) k given above and lj5"21l we obtain 



£>X+i(A) < ^ C(fc,x)f : ^ i±i ) t cxp(-x"), Vfc G N, VA G A , Vn > 0. 

<x„ + l,s 7 \ V J 



As a consequence, the sequence (w; n ) (and all its derivatives) converges uniformally in Aq for the norm 
II l|a/2,s on W, to some function w(8,vi) G C°°(Ao, VF n X^/ 2<s ) which satisfies (J^TJ) and lO- 

Note that if A ^ Aoo := n„>o^4n then the series w(X) — Yl n >i ^n(A) is a finite sum. On the other 
hand, if A € i M and dist(A, 9A n ) > 2v/L n , Vn > 0, then w(A) = w(X) solves the (P)-equation (|15|) . ■ 

We complete this part with the following Lemma which will be used in section [5] Define 

B n := {(6, Vl ) e A \ 5 e A^fa.to&ei))} 
where we have replaced 7 with 27 in the definition of A^ ,T , see Definition 13.31 

Lemma 3.4 If > and £7 _1 are small enough, then B n C {(<5, i>i) G A„ | dist((<5, c?A,i) > 

Vrt > 1 and hence, if (S,vi) G Poo := n„>iP„, f/ien ?5((5, vi) solves the (P)-equation $15\) . 

PROOF. This is a consequence of (1411) . (14211 and the previous Lemma (we use that L T n = o(exp(x™)) and 
L n — o(L n ) as n — > 00. ■ 

Remark 3.2 Up to now, we have not justified that Aoo, Poo are not empty. It can be proved as 
in Proposition 15.11 that for any v\ G B(2R, V\) the set B Vl := {5 G [0, 5q) \ {S,vi) G Poo} satisfies 
lim r) ^ + meas((0, 77) n B Vl )/rj — 0. Hence A^ 7^ 0. ■ 

4 Analysis of the linearized problem: proof of (P3) 

We prove in this section the key property (P3) on the inversion of the linear operator C n {5, v\,w) : 
-> defined in (H3- Let 

a(t, x) := d u g(d, x, vi(t, x) + w(t, x) + w 2 (<5, vi,w)(t, x)j 



and define the linear operators D, Mi, M 2 : — » W^™) by 



Z?/i := L w /i — eP„IIv^(ao(a;) /&) 

Mi/i := eP n IY w {a{t, x) h) (43) 
M 2 h := eP n TLw(a(t,x) d w v 2 [h}) 



where 



ao(x) := (l/2n) f Q n a(t,x) dt 
a(t, x) :— a(t, x) — ao(x). 

C n (5,v,w) can be written as 

C n (5,v,w)[h] := L u h- eP n IlwD w T(5,vi,w)[h] 

= LJi - eP n IY w {d u g(6, x, vi + w + v 2 (S, Vi,w))(h + d w v 2 (6, Vi,w)[h] 

= L u h— eP n Ilw(a(t,x) h\ - eP n Tlw (a(t, x) d w v 2 (S,vi,w)[h]j 
= Dh-Mxh-M 2 h. 

First (Step 1) we prove that, assuming the "first order Melnikov non-resonance condition S € A^ T (vi,w) 
(see Definition 13 .3|) the linear operator D is invertible, see Corollary 14.21 Next (Step 2) we prove that 
Mi, M 2 are small enough with respect to D, yielding the invertibility of the whole C n . 

Through this section we shall use the notations F k := {/ e Hq ((0, it); C) | JT f(x) sin(kx) dx = 0} 
whence the space W, defined in (JJJ, and its corresponding projector Hw ■ X atS — > W, are written, for 
any h = J^kez ex P ( ikt ) h k 

X a , s | h h e F k Vfc e z}, Il w h{t,x) = ^exp(i/rf)(7r fc /i fc )(x), 

fcez 

where 7Tfc : iJp ((0, 7r); C) — ► i 7 ^ is the L 2 -orthogonal projector onto Fk (note that 7r_fc = n k and 7r^u = 7fpl, 
hence 7r_ fe /i_ fc = 7r fe /i fe ). 

Step 1: Inversion of D : v^ n ). 

In term of time-Fourier series, £i is defined by V h G VF (n) , 

(I>fr)k = D fc fa V |fc| < L n , 
where Dk : T>(Dk) C Fk ^ Fk is the linear operator 

DkU = uj 2 k 2 u — SkU and SkU := — d xx u + eTTk{ao(x) u). 

Note that S k = S- k . 

We now analyze the spectral properties of the Sturm-Liouville type operator Sk- We shall assume 
that |e||ao|oo < 1, so that 

r 

(u, v) e := / u x v x + eao(x)uv dx 
Jo 

defines a scalar product on Hq ((0, 7r); C), hence on Fk, and its associated norm is equivalent to the 
standard ii^-norm. More precisely 7 , 

||u|| e = ||u||j/i(l + 0(e|ao|oo)) Vu e F k . (44) 



7 Vit G Hy(0, 7r), f u 2 (a;) < J W§(a;) dx since the least eigenvalue of —dxx with Dirichelet B.C. on (0, 7r) is 



Lemma 4.1 (Sturm-Liouville) The operator Sk ■ T>(Sk) C Ff. — > Fk possesses a ( , ) e -orthonormal 
basis (vk,j)j>ijMk\ of real eigenvectors with real eigenvalues {X-k,j)j>i,jMk\> *- e - Sk v k,j = ^k,jVk,j> ^k.j € 
R, and Xk,j = X-k,j, V-k,j = «fc,j- 

Moreover, {Vk,j)j>i,jji\k\ * s an orthogonal basis also for the L 2 -scalar product in Fk- Defining tpk,j = 
Vk,j/\\Vk,j\\L 2 > ^k,j and ifkj have the asymptotic expansion as j — ► +00 

A fcJ = A fcj (5, «!,«,) = j 2 + sM(S, Vl ,w) + o(^Mki) , |^ - ^| sinO^I ^ = o(^^) (45) 

where M(S,vi,w), introduced in Definition Vd.lV is the mean value of ao(x) on (0,tt). 

Proof. In the Appendix. ■ 

By Lemma 14.11 the linear operator Dk : T>(Dk) C Fk — > Fk possesses a ( , ) e -orthonormal basis 
{ v k,j)j>i,jjt\k\ °f rea l eigenvectors with real eigenvalues (w 2 fc 2 — ^k,j)j>i,jMk\- As a consequence we 
derive 

Corollary 4.1 (Diagonalization of D) The operator D : — > H^™) is i/ie diagonal operator 

diag{w 2 fc 2 — Afc.j} in the basis {<po,j ; J > 1} U (Uj,fc>ij^fc{cos(fct)<y5fc,j, sin(fci)y>fcj} ofW^. 

Noting that min| fc |< iri \ui 2 k 2 — \k,j \ — * 00 as j — > +00, we deduce from Corollary 14 . 1 1 that the linear 
operator D : — > W^™) is invertible iff all its eigenvalues {uj 2 k 2 — \k.j(S,vi,w) }\k\<L n ,j>i,jMk\ are 
different from zero. If this holds, we can define D~ x as well as \D\- 1 / 2 : -> by 

W (n) 3h= exp (i/tf)/^ — ► \D\-^ 2 h := ^ cxp (ikt)\D k \~ 1/2 h k € 

k=-L n k=-L n 

where |Z3fc| -1 / 2 : Fk —> Fk is the compact operator defined by 

\D h \-y\ k>j := =ffl Vj > 1, j / |fc|. 

The "small divisor problem" (i) is that some of the eigenvalues of I?, cu 2 k 2 — Xkj, can become arbitrarily 
small for (k,j) £ Z 2 sufficiently large and therefore the norm of |D| -1 / 2 can become arbitrarily large as 
n — ► 00. 

In order to quantify this phenomenon we define for all k 

ctk '■— min \<J 2 k 2 — \k,j\- (46) 



Note that a.- k = ctk- If V|fe| < L n , ctk 7^ 0, then D is invertible and, since {(pk.j)k^j is an orthogonal 



basis for the ( , ) E scalar product, || \D k \ l / 2 u \\ e < a k 1 ^ 2 \\u\\ £ . Hence, by 



\D k \-y\ 



<-^||u|| ff i, VfceZ. (47) 



The condition V|fc| < L n , ctk ^ 0, depends very sensitively on the parameters (5, v\). Assuming the "first 
order Melnikov non-resonance condition" 8 S AJ T (i> 1 , w) (see Definition 13. we obtain, in Lemma f4. 21 
a lower bound of the form c/\k\ T ~ l for the moduli of the eigenvalues of Dk and, therefore, in Corollary 
14.21 sufficiently good estimates for the inverse of D. 

Lemma 4.2 (Lower bound for the eigenvalues of D) If 8 E A^ T (vi,w) D [0,<5o) and Sq is small 
enough (depending on "/), then (recall that 1 < r < 2 ) 

a k := min \oj 2 k 2 - A feJ | > -^—r > 0, V |fc| < L n . (48) 

3>l,3^\k\ \k\ 



Proof. Since ct- k — a k it is sufficient to consider k > 0. By the asymptotic expansion 145(1 for the 
eigenvalues \ k .j, using that HooIIj? 1 ; \M(S, v\, w)\ < C, 



\u 2 k 2 -\ kd \ = \u 2 k 2 - f - eM(S, v u w) + O ( £| |0 °j |gl ) 



> 



> 



(wfc - v^TlMX^uv^)) (wfc + a/j' 2 +eAf((5, vi,w)) + °(y) 



2] 

M{5, vi,w) 



O 



go 



2j 



-C 



ujk-C— 
3 

'f€h + if 

i 3 j 



(49) 



since <5 € A^ ,T (i;i,ii/). If := miiij>i |w 2 fc 2 — Afcj| is attained at j = j(k), i.e. a/. = |w 2 fc 2 — ^kj\ 
then, j < 2fc and therefore, by ((49(1 and since 1 < r < 2, we obtain 1(48(1 . ■ 

Corollary 4.2 (Estimate of |Z?| -1 / 2 ) If 5 € A^' r (vi, w) n [0, (Jo) <5o is small enough, then D : 
-> W^ (n) is invertible and W > 



C 



< _ 

V7 



(50) 



Proof. Use @3 and (jUJ. ■ 

Step 2: Inversion of £ n : W^ n) -> W (n) . 

In order to show the invertibility of C n : W^ n ' — > WA™' it is a convenient devise to write 

C n = D- Mi - M 2 - l^l 1 / 2 ^ - Hi - i? 2 ) l^l 1 / 2 

where 

17 := l^r 1 / 2 !)!!?!- 1 / 2 = {D^D and 7?, := li^r 1 / 2 ^^!^!- 1 / 2 , i = 1,2. 

We shall prove the invertibility of U — Ri — i? 2 : W^™- 1 — > W 7 ^™' showing that, for £ small enough, i?i and 
i?2 are small perturbations of U. 

Lemma 4.3 (Estimate of | ] C^— 1 j |) U : -> W< n > is an invertible operator and its inverse U 

satisfies, Vs' > 0, 

"u-'h = \\h\\< T , s ,(l + O(£\\a \\ H i)) VheW<- n \ (51) 



Proof. U k := |-D&| £>/. : — > being orthogonal for the ( , } e scalar product, it is invertible and 
||u|| e . Hence, by (01} , there is C > such that 



Vu g F k , \\U^u\\ H i < \\u\\ e (l + Ce\\a \\m) 



Therefore, U = ^^D, being defined by (Uh) k = U k h k , V |fc| < L n , U is invertible, (U- 1 h) k = U k x h k 
and (|3TJ holds. ■ 

For proving the smallness of R\ and i? 2 we need the following preliminary Lemma. 

Lemma 4.4 There are /i > 0, Sq > and C > wwt/i the following property : i/||«i||o,« < 272, [w] CT . s < fi 
and S G [0, Jq)j ll a ll CT S + 2 ( T ^ 1 ' — C ■ 



PROOF. By the Definition 13.21 of there are ho, hi,..., h a S W« and a sequence (<x;)o<i<g with 

Ui > a, such that w = ho + hi + . 



and 



E 



i=0 (fj - o) 3 



An elementary calculus shows that 8 



INk- 



2(t-1) 



(52) 



(53) 



Hence, by 

IIHU.H.-fepil < E INk + H-> < E C{t) < 2C(t)h 

and by Lemma l2.ll provided is small enough, t>2(<5, vi,u>) is well defined and I \v2tf), vi, w)\ I , 2(7—1) < 

CT.S+ fl 

and the analyticity of /, II all 2^—1) is 



C . Hence, by the algebra property of the norm | | , 2^—1) 
bounded by some constant, provided <5o bas been chosen small enough. 

The "smallness" of R2 : W^- 71 ' — > W^ n ) is just a consequence of the regularizing property of d w V2 : 
Xcr )S — ► X CT . s +2 proved in Lemma 12. II and Lemma 14.41 

Lemma 4.5 (Estimate of R2) Under the hypotheses of (Pi), there exists a constant C > depending 
on /1 such that 

Vh e w {n \ 



Rih 



CT.S+- 



Proof. Using ifBUjl and the regularizing estimates ||S U ji , 2['u]|U,s+2 < C| |cr, s of Lemma 12 .11 we get 



Rah 



< 



<T,S+- 



c_ 



Mo\D\-y 2 h 



< C—= o L g+r— 1 

V7 

< C'-^= \\a\\ as+T -i 

V7 

< r l £ l 11 11 

i ■ZZ O \\<7,S + T—1 



cr.s+T— 1 



C- 



V7 



cr,s+T— 1 



i^r 1 / 2 ^ 



0",S+T— 1 



|£>r 1/2 /i 



cr,s+2 



7 



cr,s+- 



since 1 < t < 2 and by Lemma l4~4l ||a|| ff)S+T _i < 



L »j_ 2 ( t 



-i) < C. 



The estimate of the "off-diagonal" operator R\ : W^ n ' — > PIA") requires, on the contrary, a careful 
analysis of the "small divisors" and the use of the "first order Melnikov non-resonance condition" 5 € 
A^ ,T (ui, w), see Definition 13. 31 For clarity, we enounce such property separately. 

Lemma 4.6 (Analysis of the Small Divisors) Let 5 £ A^ T (vi,w) H [0,Sq), with So small. There 
exists C > such that, VZ 7^ k, 



J_ <C I*-'I 



7 2| £ |r-l 



where 



0:= 



2-T 



(54) 



Proof. To obtain (|54|l we distinguish different cases. 

8 Using that maxfe>i fc° exp{- (oi — cr)k) < C(ot)/(oi — a) a 



• First case: \k - l\ > [max(|fc|, \l\)f. Then {a k ai)- 1 < C\k - l\ 2 V/ 7 2 . 
Indeed we estimate both a k , ai with the lower bound a k > C-f/\k\ T ~ 1 , ai > Cj/]!^^ 1 and therefore 

1 ^Jk\ T - l W- 1 ^^[maxdfcUZl)] 2 ^- 1 ) J*-Z| 2 ^ 



< c— — k 1 — < c- Vl "' < c 



Oikm 7 2 7 2 7 2 

• Second case: \k-l\< [max(|A;|, \l\)} fj and (\k\ < l/3\e\ or \l\ < l/3\s\). Then {a^y 1 < C/7. 

Note that, in this case, sign(Z) = sign(fe) and, to fix the ideas, we assume in the sequel that I, k > (the 
estimate for k, I < is the same, since a k ai = (X-kOt-i). 

Suppose, for example, that < k < 1/3 j e| . We claim that if e is small enough, then a k > (k + l)/8. 
Indeed, Vj 7^ fe, 

\uk-j\= uk-k + k-j > \k-j\ - \uj - 1| \k\ > 1- 2|e| fc > -. 

3 

Therefore VI < fc < l/3|e|, Vj 7^ k, j > 1, |w 2 fc 2 - j 2 \ = \u)k-j\ \uk+j\ > (uk+l)/3 > (fc + l)/6 and so 



Qfe := mm 



mm 



Next, we estimate a;. If also < / < l/3|e| then ai > 1/8 and therefore (a k ai) 1 < 64. Otherwise, if 
I > l/3|e|, we estimate ai with the lower bound l|48|l and so, since 9 I < 2k and 1 < t < 2 

1 r- 1 c a 
< c- — < — < 



a k ai kj k 2 T j 7 

In the remaining cases we consider \k ~ l\ < [max(|fc|, |Z|)]^ and both |fc|,|Z| > l/3|e|. We have to 
distinguish two sub-cases. For this, Vfc £ Z, let j — j(k) > 1 be the unique integer such that a k := 
min n ^|fc| \oj 2 k 2 — X k n \ = \u> 2 k 2 — X k j\. Analogously let i — i(k) > 1 be the unique integer such that ai = 
\u 2 l 2 -Xt,i\. 

• Third case: < \k - l\ < [max(|fc|, |fc|, \l\ > l/3\s\ and \k - l\ = \j - i\. Then (c^a;) -1 < 

Indeed \{u)k-j)-{ul-i)\ = \w(k-l)-{j-i)\ = \u-l\\k-l\ > \e\/2 and therefore or \uk-j\ > |e|/4 
or \wl — i\ > |e|/4. It follows that \uj 2 k 2 — j 2 \ — \uk — j\ \uk + j\ > \e\uk/2 >|e|fc/3 and so, for e small 
enough, |ajfe| > |e|fc/4, or |a;| > |e|i/4. Hence, since I < 2k and k > 1/3, 

1 r- 1 C C 
< C-— < — — < 



a k ai ~ "7|e|fe ~ ^k 2 - T \e\ ~ 7|e| T_1 
• Fourth case: < \k-l\ < [max(fc,/)]' 3 , k,l > l/3|e| and \k-l\ ^ \j-i\- Then (afeo;;) -1 < C/7 2 - 
Using that u> is 7 — r-Diophantine, that \k — l\ < [max(fc, iff and so I > 2k, 

(ujk — j) — (ljI — i) = uj(k — I) — (j — i) 



> 7 > 7 > 7 

- \k-l\ T ~ [max(fc,0] /3r ~ C fc /3T 



so that or \wk - j\ > c~f/2k f3T or \ul - i\ > c^/2l^ T . Therefore |w 2 fc 2 - j 2 \ > C-fk 1 ^ l3T and, for e small 
enough, a k > Cjk 1 ~@ T /2. We estimate cti with the worst possible lower bound and so, using also I < 2k, 

1 Cl T - 1 fcr-2+/3r Q 
< o.-, a < C T, < 



a k ai "f 2 k x /3t 7 2 7 2 ' 

since j3 := (2 — r)/r. Collecting the estimates of all the previous cases, (I54f) follows. 



9 Indccd \k — l\ < (maxjfc, and so or I < fc or Z < k + i* 3 and so, 1/2 < k, since i > 1/3|e|. 



Lemma 4.7 (Bound of an off-diagonal operator) Assume that S € A^' T (t>i, w) D [0, 5q) and let, for 



some s' > s, b(t,x) G -X^^r-i satisfy bo(x) = 0, i.e. J T b(t,x) dt = 0, Vx S (0,7r). Defining the 



operator T n : -> &?/ 

i/iere is a constant C, independent ofb(x,t) and of p, such that 



T„h 



< 



C 

■T=r~\\l>\L a ' + Z=l\\ri>\\<r,s> 

j 2 7 



Vh e W {n) . 



Proof. For h e W<- n \ we have (T n h)(t,x) = J2\k\<L n (T n h) k (x) exp(ifci), with 

(T n h) k = i^r i/2 ^ fe (6 i^r 172 ^ 



(55) 



\l\<L n 



(since b).-i(x) = bi-k[x), the linear operator T n is represented by a self-adjoint Toepliz matrix in 
Mat(2L„ x 2L n , i/ 1 ((0, tt), C)) which is zero on the diagonal, as &o( a; ) = 0). Abbreviating _B m := 
ll^m( 2: )llff 1 j we get from (|53)l and ljT7|) . using that : = H&oCaOH/f 1 = 0, 



Hence, by (JSiJl, 



(r„/i); 



(r„/i); 



c 



< 



ff 1 



\l\<L n ,l^k 



Miff 1 - 



(56) 



E T-l 

" l\e\ 2 



(57) 



|/|<£* 



By setting s(i) := S|fe|<i„ s k exp(ikt), 



T n h 



= exp(2a|A;|)(fc 2s ' + l) {T n h) h 



\k\<L„ 



2 

H 1 



(58) 



It turns out that s — P n (bc) where b(t) := X^ez Bi exp(iZt) and c(t) := 53m<z, ll^ill// 1 exp(iZt). 
Therefore, by®, 



< 



C 



C 



T-l I 



13 k*' < 



7kl 



H"l I<r,s'+- 



since ||6|k s ' < ||i>|| , +; r=i and ||c|| ff „ 



Lemma 4.8 (Estimate of i?i) Under the hypotheses of (P3), there exists a constant C > depending 
on fi such that 

-rC, 



<J,s+- 



7 



(T,S-\-—^— 



PROOF. Recalling the definition of i?i := \D\ 1 / 2 Mi\D\ 1 / 2 and Mi, and using Lemma l4~7l since a{t,x) 
has zero time-average, 



Rih 



IDl-^MADl-^h 



<T,S+- 



\D\- l l 2 P n Tl w (a\D\- l l 2 h 



< e 



C 



r C, 



|£ 2 7 



r-1 , T-ill/ilL ., r-1 < lei 2 — I la. 



i i 3 — r C 

< e— - 



(7,S + - 



since < f3 < 1 and, by Lemma [Ol llall , a( T -i) < ||a|| , 2^-1) < C. ■ 

PROOF of property (P3) completed. Under the hypothesis of (P3), the linear operator U : 
\y( n ) _> i s invertible by Lemma 14.31 and, by Lemmas 14.51 and 14.81 provided S is small enough, 

H^'^lUal V and ll^^llo-.ai V < V 4 - Therefore also the linear operator U- Ri - R 2 : -> 
W^™-* is invertible and its inverse satisfies 

\\(U-R 1 -R 2 )- 1 h\\ criS+x ^ = ||(/-C/- 1 i?i-C/- 1 J R 2 )- 1 f/- 1 /i||^ + ^ i (59) 

< W^W^+z^ <C|H| CTjS+r ^ Vfce^. (60) 

Hence £„ is invertible, £~ x = |Z?|- 1 / 2 (t/ - i? x - i? 2 ) _1 |£ ) r 1/2 : -> W^W, and by JSUJ, ([51^. 

n^n^ik- = n^r 1/2 (^ - fli - ^r^r^iUs < -j=\\(u - Rx - R2)- l \D\- i / 2 h\\ <TS+1 ^ 
< ^iii^r 1/2 ^ii CT . s+ - < ^-\\h\\ a , 8+T ^ < ^-{L n y-^ 

V ' ' ' 

which completes the proof of property (-P3). 



5 Solution of the (Qi)-equation 

Finally, we have to solve the finite dimensional (Qi)-cquation 

-Av 1 =U Vl G(5,v 1 ) 

where 

Q(6,vi)(t,x) := g(8,x,vi{t,x) + w(5,v 1 )(t,x) + v 2 {5, v u w(5, ui))(f, x)^j 
and we have to ensure that there are solutions (6,vi) £ -Boo for a set 10 of 5's of positive. 



(61) 



5.1 The set A p 

By Lemma \'2. 21 the -order (QjJ-equation 

- At* =U Vi g(0,V!) (62) 

is the Euler-Lagrange equation of the "reduced" functional : B(2R,V\) — ► R defined in (|13|l (note 
that Q(Q,V\) = a p {x){v\ + «2(0, V\, 0)) p and see formula iflU) ). 

10 It is rather easy to see that for lj close to 1 and <5 = [(oj 2 — Vj/2] 1 / , the set E u = {t>i S V\ \ (S, V\) 6 Boo} contains 
the whole ball B(2R, Vi) only if u; is strongly nonresonant, i.e. belongs to the zero-measure set W 7 := \u) G R. |uZ — j\ > 
7/Ji Yj 7^ Z, 2 > 0, j > 1} for some 7 > 0. If is strongly nonresonant, the existence of 27r/aj-periodic solutions can be 
proved (HJ-EI) for ANY nonlinearity /. For more general frequencies, the set has gaps, which makes the analysis of the 
(Ql) equation more delicate. 



For any a p (x) £ H 1 ((0, 7r), R) such that condition JHJ is verified, "Jo, or the functional "Jo obtained 
replacing a p (x) by — a p (x), possesses, by the Mountain-pass Theorem T, a non-trivial critical point 
v\ £ V\ with ||wi||o,s < R {R depending on a p ). More precisely, due to time translation invariance, we 
have a circle of critical points. In fact the functional 'J'o is invariant under the action of R/27rZ on V\ 
defined by 

(9*v l )(t,x) :=vi(t-6,x). 

We shall say that a circle of critical points [v\] := {8*vi ; 8 £ R/27rZ} is non degenerate when ker 'I'q (t>i) 
is spanned by (d/d9)(6 * ui)|g =0 = d t v\. 

We recall that, by Lemma ffi. II condition JJjJl holds for any a p (x) £ O C i? 1 ((0, 7r), R) where 



O := 



ia(x) £ H\(0, tt), R) such that ( a <? ~ x \* ~? { *\ ** ^ * P * ° M 

L [ a(Tr — x) f= a(x), for some x £ |0, 7r|, up is even 



We can define similarly the nondcgcncratc critical circles of $o in V. 

Remark 5.1 \v{\ is a non-degenerate critical circle of \l/o : V% — > R iff \v] = \vi + 1)2(0, Vi, 0)] is a 
non-degenerate critical circle of <!>o : V — > R, i.e. iffv£V is, up to time translations, a non-degenerate 
solution of the th -order bifurcation equation Moreover, if \v) is a nondegenerate critical circle of $0 
of critical value < c then [Hy^] is a nondegenerate critical circle o/^o- 

In J$ it is proved that, for the nonlinearity f(x,u) — u 3 , the critical points o/$o o,re non- degenerate 
up to time translations. 

Let us define 

A p := |a p (x) eOc i/ 1 (0,7r) | there is a non-degenerate critical circle [u] C V A \{0} of $ or $o|, 

where $0 is obtained from $0 replacing a p with — a p . 

For any a p £ Ap the 0^-order bifurcation equation (JHJ (or the one obtained substituting — a p for a p ) 
possesses a non-trivial, non-degenerate solution (up to time translations) v £ V . We can always assume 
that we have chosen c large enough in (|12|l . so that, by Lemma [2.21 v — v% + U2 (0, Ui , 0) for some non 
degenerate (up to time translations) solution Vi £ B(2R, V\) of equation (|62|) . By the Implicit function 
Theorem, there exists a C°°-curve of solutions of the (Qi)-equation 1611) 

ui(-) : [0,5 )^Vi with ui(0) = ?Ji. 

Let us define the Cantor-like set 

C ap ,^ ■= {Se [0, Jo) I eB M }. 

The smoothness of t>i(-) implies that the Cantor set C a ^ has full density at the origin, i.e. satisfies the 
measure estimate (jSJ) of Theorem lLH -fz). 

Proposition 5.1 (Measure estimate of C ap y 1 ) Va p (x) £ Ap, lim, 7 _ > o+ meas (C^^j n [0,T]))/r] = 1. 
Proof. Recall that 

27 



n„>iS„ = {(<5, Vl )GA : u(5)Z-j-d^ 

j > „ 27 ., , VI, j > —}—r, l^j) 

w ^ - (Z+i) T I 



> 



where = vl-j- 2<5p~ 1 (or cj(<5) = \/T — 2<5 p 1 ), M(<5,Ui,iu) is defined in Definition 13 . II and w(S,vi) in 
Lemma 13.31 



Let < 77 < S . The complementary set of C ap ,v 1 in (0, 77) is 



C c - 

a p ,v± 



for some I, j > t^tt, I ¥= 3 } 



< 



2l 



or 



u(S)l - j 



< 



2l 



{1+3J 



where m(S) :— M(5 7 vi(S),w(S,vi(5))) is a function in C°°([0, S ), R) since <5 1— > «i(<5) is C°° and w(S,Vi) 
is, by Lemma rOl in C°°(A , W n X-^/2 jS ))- This implies, in particular, 



|m(5)| + |m'(5)| <C, We [0,* /2] 



(63) 



for some positive constant C. 

We claim that, for any interval [5i/2,6i] C [0,77] C [0,Sq/2] the following measure estimate holds: 



fafr n < X 1 (r) 7 ^ 1 )(- 1 )meas([|,5 1 ]) 



(64) 



for some constant -Ki(t) > 0. 

Before proving (|64|l we show how to conclude the proof of the Lemma. Writing (0, 77] = U„>o [??/2™ +1 , 
rj/2 n ] and applying the measure estimate l|64l) to any interval [#i/2,#i] = [i~i/2 n+ , rj/2 n ], we get 



meas(C^j gi n[0,rj\)<Ki(T)'yr) 



(p-l)(r-l) 



whence lim I) ^ + meas (C Q ^ fl (0,rj))/r] = 1, proving the Lemma 
We now prove (|64|l . We have 



(J,i)ex R 



(65) 



where 



Hi 



,-(*!):={ 



<5g 



,<5i 



1 m; ■ ^"W*) 



2j 



< 



2~ 



or 



- 3 



< 



20 



and 



I* := {(U) IU > T-U, ^[l-co^l + ^r 1 ]} 



35? 

(note indeed that lZj t i(6i) = unless j/l G [1 — cof5f 1 , l + co^f -1 ] for some constant cq > large enough) . 
Next, let us prove that 

meas(^-( ( 5 1 )) = 0( r+i y 2 ). (66) 

Define /,,•(*) := - j - (^- 1 m(5)/2j) and S^) := {<5 € [VMi] : \f hj (S)\ < 2 1 /{l+ ] y}. 

Provided <5q has been chosen small enough (recall that j, I > 1/3(5q _1 ), 



l(p-l)5P- 2 (p-l)SP- 2 m(5) 8 p - l m'{8) (p - l)S p - 2 / C\ (p - l)^ 2 / 



> 



VI + 25P- 1 2j 2j 2 

and therefore //.(<?) > (p - 1)<^~ 2 Z/2P for any (5 G [<5i/Mi]- This implies 



> 



meas(5; 7 (<5i)) < 7- — x min //. (6) < —, - 

Similarly we can prove 



2 p 



O 



(p-i)wr vr+ 1 <5f 



meas({^[|,^ : ^5)1 - j\ < = o{-^) 



2l 



(1+37 



and the measure estimate (j(if>|> follows. 

Now, by (|65(1 . 1)66(1 and since, for a given I, the number of j for which G Ir is O^ 1 /), 



measly _ n 



^ A 



JZ ^ ^^^1 + (P-I)(r-1) 



< £ meas(7^(Ai))<C £ ^ x — ' < ^ 2 (t) 7 ^ 



whence we obtain <|64[1 since < Si < r/. 
Now for a p G *4*, formula 



u{8) := S vi(S) + w(5, V\(5)) + v 2 (s, v±(S), w(S, vi(S)) 



defines a smooth path u : [0,5o) — * -^372,si an d u(5) = 5uq + 0(S 2 ) with uq — vi + U2(0,Wi,0) G V. 
By Lemma f3. 41 u is a solution of © for 5 G Ca p ,«i and conclusions (i) and (ii) of Theorem 11.11 hold by 
Proposition !.^ II 

Now we can look for 2Tr/(noj) time-periodic solutions of (i.e. 2ir/n time-periodic solutions of J3J)) as 
well. Let 

^o-,s,n := I"" G ^<j,s I u is — time — periodic|. 

Replacing X a ^ s with X a<Sin , we can develop similarly the arguments of sections [3] and |3] Define the linear 
map Tin ■ V — > V by : for x) = + ir) — ??(£ — x) G V, 

(H n v)(t, x) := ri(n(t + x)) - r]{n(t - x)) 

and denote by V n := (resp. W„) the subspace of V (resp. W) formed by the functions 27r/n-periodic 

in t. 

Using the decomposition X a _ Stn = V n ® W n and introducing an appropriate finite dimensional subspace 
V\. n of V n , we obtain associated (Ql), (Q2), (P)-equations (like in ffT^i ). which can be solved exactly as 
in the case n = 1. 

The O^-order bifurcation equation is the same (but in V n ) and the corresponding functional is just 
the restriction of <£>o to V n . As <£>o, ^o\v n ( or &o\v,J possesses "mountain pass" critical circles. Let, for 
n > 2, 

Ap := |a p (x) eOc i? 1 (0,7r) | there is a non-degenerate critical circle [v] C V of $o|V„ or ^ol^,, |j 

and ^4 p = U^^-A™. By the implicit function theorem, A p is an open subset of i? 1 (0, 7r). 

By the arguments of Proposition 15.11 we obtain that if a p G A p , then conclusions (i) and (u) of 
Theorem 11.11 hold (since 27r/(nw) time-periodic solutions are just peculiar 2tt/uj time-periodic solutions). 

This proves the first part of Theorem ll.il 

5.2 Case f(x, u) = a 3 (x)u 3 + 0(u 4 ) 

We assume here that f(x, u) = a,3(x)u 3 + 0(u 4 ), where 



a 3 (x)dx := (a 3 ) ? . (67) 



To fix the ideas, we deal with the case (03) > 0. 

Note that assumption (|6T|) also implies condition 0, i.e. that there is v G V such that J n a 3 (x)v A ^ 0. 
Indeed we know that J Q a^(x)v A = 0, Vv G V iff a^ir — x) — —03(2;), \/x G [0, tt]. But in this case (03) = 0. 

Therefore the t?1 -order bifurcation equation is © (with p = 3), i e. the Euler-Lagrange equation of 



12 , „4 



<!>„,,, = Mki_ / x y_ 



The functional $„(«) = $o(^n") has the following development: for v(t, x) — i](t + x) — rj(t — x) G V 
we obtain, using that J n v A = J n (H n v) 4 , 



Hence 



= 27m 2 J f, 2 (t)dt - (a 3 ) J - J (a 3 (x) - (o 3 >) 



where 



(as) 

Rn{v) := ±- / b(x)(H n v) 4 dt dx, b(x) := ^ - 1. 

To get that 03 e .4 3 , it is enough to prove that has a non-degenerate critical circle and that R n is 
a small perturbation for large n, more precisely that D 2 R n — > 0, £>-R n — > uniformly on bounded sets 
as n — > +00. Then, by the implicit function theorem, for n large enough, too (hence 3>o|v n ) has a 
non-degenerate critical circle, which implies that a 3 e _4 3 . 

The critical points of * in £7 := { 77 e i? 1 (T) | J T 77 = } arc the 27r-periodic solutions with zero 
mean value of 

ij + T] 3 + 3(ti 2 )t 1 = C, CeR (69) 

By [BP] it is known that there exists a solution to this problem (with C = 0) which is a non-degenerate 
(up to time translations) critical point of * in E. Finally 

Lemma 5.1 There holds 

\\DR n {v)\\, \\D 2 R n (v)\\^0 as n -» +00 (70) 
uniformly for v in bounded sets. 

Proof. We shall prove the estimate only for D 2 R n . We have 



\D 2 R n (v)[h,k}\ = A / b(x)(H n v) 2 (H n h) (H n k) 
2lT Jn 

3 C 

= 2n J b ( x ">9( n ^)dx 

where g(y) is the 7r-periodic function defined by 

g(y) := J ( v (t + y) - v(t - y)) 2 (fi{t + y) - (3(t - y))(j(t + y) - 7 (t - y))dt , 

[3 and 7 being associated with h and /c as 77 is with v. Developing in Fourier series g(y) = X^zez 9i exp(i2Zy) 
we have g(nx) = J2 leZ giexp(i2lnx). Extending b(x) to a ^-periodic function, we also write b(x) = 
J2iez hi exp(i2te), with b = (b) = 0. Therefore 

i/2/^ \ 1/2 



\D 2 R n (v n )\h,k}\ = ||E.^|<i(Eft 2 ) (EO 

< C|kllLll/3|UI|7l|oo (E 6 ?«) J 



2#0 

1/2 



i#0 



Since {J2im ^L) 1 ^ 2 ^ as n ^ oo it proves l|7U|). With a similar calculus we can prove that DR n (v) — > 



as n 



This completes the proof of part 1) of Theorcm ll.il 

5.3 Case f(x, u) = a 2 u 2 + 0(u 4 ) 

We now prove part 2) of Theorem ll.il 

In this case condition JfjJ) is violated. It turns out (see [5]) that we must take u> < 1 (i.e. e < 0), and 
5 = lei 1 / 2 in the rescaling. By the computations of 0, the O^-order bifurcation equation is the Euler 
Lagrange equation of the functional <& : V — » R defined by 



$o(«) 



where L 1 : W — > W is the inverse operator of —dtt + d xx . 

We can still use the same arguments to solve the (Q2) and (P) equations. As explained in subsection 
15.11 if the functional $„ : V — * R, defined by $ n (i>) = $o(?AiU) possesses a nondegenerate critical circle, 
then (i) and (u) hold in Theorem ll.il (with lu = yl — 2<5 2 ). 

<3? n admits the following development (Lemmae 3.7 and 3.8 in [5]): for u(t, x) = rj(t + x) — r)(t — x) 



$„(u) = 2irn 2 J if(t)dt 
Hence we can write 

where 



12 



v ^L-\ 2 + — 
n 6 



■n 2 (t) dt 



(71) 



/yl2n \ 
V / 



48n 4 rl 
" .2 



?j (s) ds 



?] 2 (s) <is 



?} 2 (s) ds 



i] 2 (s) ds 



48n 4 



fo) + — i?(r/) (72) 



(73) 



and R : £J — * R is a smooth map defined on _E := {n € i/ 1 (T) | J T rj = 0}. In order to prove that $„ 
has a non-degenerate critical circle for n large enough, it is enough to prove that: 

Lemma 5.2 ^> : £7 — > R possesses a critical point which is non degenerate, up to time translations. 

Proof. The critical points of \& in E are the 27r-periodic solutions of zero mean value of the equation 

(74) 



V - 



J n 2 (t) dt S jr t = C, Ce R. 



Since rj and rj have both zero mean value, any solution of l|74l) must satisfy C = 0. Equation (|74|l (with 
C = 0) has a 27r-periodic solution of the form fj(t) = (l/y/n) sini. 

We claim that fj is non-degenerate, up to time-translations, i.e. Ker (D 2 ^)(fj) = (fj). 

The linearized equation of l|74ll at fj is 



+ (/ ff{t) dtjh + 2^ fj(t)h(t) dt)fj = c 



and again c must be equal to 0. We get 



h + h- 



sini h{t) dt) sini = 0. 



(75) 



Developing in time-Fourier series 



h(t) = (^ak sin kt + bk cos kt 



k>l 



we find out that any solution of the linearized equation H75JI satisfies 

~k 2 b k + b k = 0, Vfc > 1, -k 2 a k + a k = 0, Vfc > 2, a x = 

and therefore h £ (cost) = (fj). ■ 

By the previous Lemma, for n large enough there is a non-degenerate critical circle of <£"„ in V. This 
completes the proof of Theorem ll.il 

6 Appendix 

Lemma 6.1 If q is an even integer, then 

a(x)v q (t, x) dt dx = 0, Vu £ V \ a(n — x) = —a(x), Va; £ [0, it] >. 

If q > 3 is an odd integer, then 

a(x)v q (t, x) dt dx = 0, Vu S V ~ a;) = a(x), Va; G [0, n] |. 

Proof. We first assume that g = 2s is even. If a(n — x) — —a(x) Vx £ (0, 7r), then, for all v £ V, 

a(x)v 2s (t, x) dt dx = / a(ir — x)v 2s (t, n — x) dt dx 
n Jn 



—a(x)(—v(t + 7r, x)) 2s dt dx 



2s 

— Liyjy — uyi- t vi , j j 
11 

a(x)v 2s (t, x) dt dx 

n 



and so J n a(x)v 2s (t, x) dt dx = 0. 

Now assume that £(u) := J n a(x)v 2s (t, x) dt dx = Vtj S V. Writing that £) 2s S = 0, we get 



2 s 



a(x)vi(t, x) . . . V2s{t, x) dt dx = 0, V(i>i, . . . , i>2 S ) £ V 

Choosing V2 S (t, x) — V2 S -i{t,x) — cos (It) sm(lx), we obtain 

- / a(x)vi(t,x) . . .V2( s -x)(t,x)(cos(2lt) + 1)(1 — cos(2Z;r)) dt dx = 
4 Jn 

Taking limits as I — > oo, there results Jq a(x)wi (£, a;) . . . «2(s-i) (A dt dx — V(ui, . . . , i>2( s -i)) € \Z 2 ( S_1 ) . 
Iterating this operation, we finally get 



V(t>i,«2) ^ V / a(aj)vi(t, a;)u2(t, a;) dt dx = 0, and / a(x) dx = 0. 
Jn Jo 

Choosing Vi(t, x) — Viit, x) = cos(Zt) sin(Jx) in the first equality, we derive that a(x) sm 2 (lx) dx = 0. 
Hence 

VIeN / a(x) cos(2Za;) = 0. 
Jo 

This implies that a is orthogonal in L 2 (0, ir) to 

F = {& € L 2 (0, tt) I 6(vr - x) = a.e.j. 
Hence a(7r — x) — —a(x) a.e., and, since a is continuous, the identity holds everywhere. 



We next assume that q — 2s + 1 is odd, q > 3. The first implication is derived in a similar way. Now 
assume that a(x)v q (t, x) dt dx = Vu G V. We can prove exactly as in the first part that 

V(i>i, i>2, U3) S y 3 / a(x)ui (t, x)v2(t, x)v3(t, x) dt dx = 0. 
Jo 

Choosing Ui(i,x) = cos(Zii) sin(Zix), v%{t,x) — cos(l 2 t) sin(Z 2 x), v 3 (t,x) — cos((Zi + Z 2 )£)sin((Zi + £2)^) 
and using the fact that J Q 27r cos(Zit) cos^i) cos((Zi + h)t) dt ^ 0, we obtain 

a{x) sin 2 (Zix) svafox) cos^x) + sin 2 (Z2x) sin(Zix) cos(Zix) dx = 

. ( x < 76 > 

a(x) sin(Zix) sin(Z2x) sin I (Zi + ^)x ) dx = 0. 

Letting Z 2 go to infinity and taking limits, lf7TI)l yields JJ r (l/2)a(a;) sin(Zix) cos(Zix) dx = 0. Hence 

VZ > / a(x) sin(2Zx) = 0. 
Jo 

This implies that, in L 2 (0,7r), a is orthogonal to G = {b € L 2 (0, 7r) | 6(7r — x) = — 6(x) a.e.}. Hence 
a(ir — x) = a(x) Vx 6 (0, 7r). ■ 

Proof of Lemma 14. 11 Let K k (e) = SZ (e) be the selfadjoint compact operator of F k defined by 

{K k {e)u,v) e = (u,v) L 2, Vit,u e F k 

(in other words K k (e)u is the unique weak solution z € F k of S^z := u). 

Note that K k (e) is a positive operator, i.e. (K k (e)u 7 u) e > 0, Vu 7^ 0, and that K k {e) is also selfadjoint 
for the L 2 -scalar product. 

Let F k , r = { u € ^fc I u ((0, 7r)) C R}. We have S k (F kir C ffc ir , and by the spectral theory of compact 
selfadjoint operators in Hilbert spaces, there is a ( , ) e -orthonormal basis (vk,j)j>i,jj£k of F k , such that 
Vk,j € F ktr is an eigenvector of K k (e) associated to a positive eigenvalue v k j{e), the sequence (vk,j(£))j 
is non-increasing and tends to as j — > +00. Each v k j(e) belongs to D(S k ) and is an eigenvector of 
with associated eigenvalue Afej(e) = l/v kl j(e). {\ k .j{e))j>\ is a sequence non decreasing and tending to 
+00 as j — > +00. 

The map £ h-> ^(e) S C(F k ,F k ) is differentiable and ^(e) = -K k (e)MK k (s), where Mu := 
ir k (a Q u). 

For u = ajV kij (e) G F fe , 

(u,u) £ = V |aj| 2 and (m,m) L 2 = V J Qj ) 

As a consequence, 

Afc.j (e) = min < max (u, u) e \ F subspace of F k of dimension j (if j < k) , j—l (if j > fe) > . (77) 

I. tiS-F,||u|| Jj 2 = l > 

It is clear by inspection that X k j(0) = j 2 and that we can choose v k j(0) = a/2/7t sin (jx)/j. Hence, by 
(|77|) . |Afcj(e) — j 2 | < |e| I |ao| |oo < 1, from which we derive 

VI \X kJ (E)-X kij (s)\>(l+j)-2>2mm(lJ)-l (> 1). (78) 

In particular, the eigenvalues X k j(s) (y k ^(e)) are simple. By the variational characterization Q77JI we also 
see that X k j(e) depends continuously on e, and we can assume without loss of generality that e i— > v k j(e) 
is a continuous map to F k . 



Let (pk,j(e) •= ^A fcj (e)ufej(e). (tpk,j(e))&k is a L 2 -orthogonal family in F k and 

Ve f K k (e)(pk,j(£) = v k , j (E)<p k , j (e) 
\ ((p kJ (e),<p kd (e)) L 2 = 1 

We observe that the L 2 -orthogonality w.r.t. <p k ,j(e) is equivalent to the ( , ) £ -orthogonality w.r.t. ipk.ji^), 
and that Ek d (e) :— [ipk.j(£)] ± is invariant under Kk(e). Using that L kd :— (Kk(e) — Vk.j{e)I)\E k ( e ) is 
invertible, it is easy to derive from the Implicit Function Theorem that the maps (e i— > v k ,j{^)) and 
(e h- > ipk.ji^)) are differentiable. 

Denoting by P the orthogonal projector onto E kd {e), we have 

,(e) = L-\-PK' k {e)<p k j{s)) = L-\PK k MK k <p k>j (s)) = ^(e)^ 1 K k PMip k ^(s), 



K,j( s ) = (^fe( e )^fej( e )^fej( e )) L2 = -(KkMK k ip kyj (e),<p k ,j(e)) ^ 

= -(MK k cp kd (s),K k ip k)j (ef) ^ = -vlj(s)(Mip kd (e),<p kij {e)J 



l 2 V Vy 
We have 

V fX y fX ^ _ v Ki fX A fc ,3 " A M 



(79) 



Hence, by (JZHJ, \vk,jL 1 K k Pu\ L 2 < \u\ L */j. We obtain \ip' kd {e)\L 2 = O{\a \oc/j)- Hence 
Hence, by 1^ , 

A fe,i( £ ) = ( M <Pk,j{£),tpkj{e)) a (x)((pk,j) 2 dx 

= - C a Q (x)(sm(jx)) 2 dx + o( 

Wo ^ j ' 

Writing sin 2 (ja;) = (1 — cos(2ja;))/2, and since J* ao(x)cos(2jx) dx = — f (ao)x{x) sin(2jx)/2j dx, we 
get 

X > k .( £ ) = I jf ao(a; ) da; + o(Mkl) = M (5, «!,«,) + 0(M^i) . 
Hence X k j{s) = j 2 + eM(6,Vi,w)+ O(e\\a \\ H i / j), which is the first estimate in 
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